Abstract Nonlinear oscillators with hardening and softening cubic Duffing nonlinearity are considered. Such classical conservative oscillators are known to have an amplitude-dependent period. In this work, we design oscillators with the Duffing-type restoring force but an amplitude-independent period. We present their Lagrangians, equations of motion, conservation laws, as well as solutions for motion.
Introduction
Classical Duffing oscillators are governed by
Their restoring force F D x˙x 3 includes a linear geometric term as well as a cubic geometric term: a positive sign in front of the cubic term corresponds to a hardening Duffing oscillator (HDO) and the negative one to a softening Duffing oscillator (SDO) [4, 6] . Unlike the majority of nonlinear oscillators, both of them have a closed-form exact solution, which is expressed in terms of Jacobi cn or sn elliptic functions. These solutions corresponding to the following initial conditions are given in Table 1 together with their frequencies ! and elliptic moduli k (see, for example, [4, 6] for more detail). Given the fact that the period of cn and sn is T D 4K .k/ =!, where K .k/ stands for the complete elliptic integral of the first kind, the following expressions are obtained for the period of the HDO and SDO:
As seen from these expressions and Fig. 1 , the period of the HDO and SDO depends on the amplitude A. This leads us to the question of designing an oscillator having the Duffing-type restoring force F D x˙x 3 , but a constant, amplitudeindependent period, corresponding to the so-called isochronous oscillators [1, 2] . In what follows we present such Duffing-type oscillators, both hardening and softening, modelled by
finding also the corresponding Lagrangians, conservation laws, as well as solutions for motion.
Derivation
The derivation of the mathematical model (4) is based on the transformation approach [5] , in which the kinetic energy E k and potential energy E p of nonlinear oscillators are made equal to the one of the simple harmonic oscillator (SHO)
which is known to have a constant, amplitude-independent period (note that its generalized coordinate is labelled here by X ).
Case I
To find the first mathematical model of the form (4), we assume that
Then, we also make the kinetic energy E k of nonlinear oscillators equal to the one of the SHO and use Eq. (6) to derive
where
The last term on the left-hand side 2E p =E 0 p is required to correspond to the Duffing restoring force F =x˙x 3 , which gives the potential energy
Equation (7) now yields the kinetic energy
so that Eq. (8) becomes
Based on X 2 =2 C P X 2 =2 D const:, the system exhibits the first integral
Taking the solution for motion of the SHO in the form X D a cos .t C˛/, where a and˛are constants, and using Eqs. (6), (9) and (2), the solution for motion of Eq. (11) is obtained
Numerical verifications of the analytical results for the motion (13) and phase trajectories (12) are shown in Figs. 2 and 3 for the HDO and SDO, respectively. These figures confirm that the analytical results coincide with the solutions obtained by solving the equation of motion (11) numerically. In addition, they illustrate the fact that the period stays constant despite the fact that the amplitude A changes, i.e., that the systems perform isochronous oscillations. 
Case II
In this case we consider the system whose potential and kinetic energies are
where f Á f .I /, I D R t 0 x .t / dt, and f 0 D df =dI . The corresponding Lagrange's equation is
This system has two independent first integrals. The first one is the energy conservation law stemming from P X 2 =2 C X 2 =2 D const:
The other first integral is related to the principle of conservation of momentum for the SHO P X C R t 0 Xdt D P X .0/ D const. By using X and P X from (14) and knowing that dI=dt D x, we obtain
In addition, as the solution for motion for the SHO can be written down as X D a sin .t C˛/, the following should be satisfied:
For the hardening-type nonlinearity in Eq. (15), one requires f 00 =f D 1, which leads to
and the equation of motion takes the form
Two first integrals (16) and (17) are
and
with initial conditions being [see Eq. (2)]
Equation (21) is plotted in Fig. 4a for h 1 D 1 . To analyze phase trajectories in more detail, Eq. (22) is squared and divided by Eq. (21) to obtain
This expression agrees with the first integral obtained and studied in [3] and is plotted in Fig. 4b , where periodic solutions correspond to the case B > 1. Note that for the initial conditions (24), one has B D 1 C 1=A 2 , which implies that B is always higher than unity. By using (18) and (19) one can derive
Its solution satisfying Eq. (2) is To compare the analytical solution for motion (27) with a numerically obtained solution of the equation of motion (20), the latter is written down in the form
and numerically integrated by using the initial conditions (24). This comparison, plotted in Fig. 5 , shows that these two types of solution are in full agreement as well as that the period is amplitude-independent. The equation of motion (15) corresponds to the SDO if f 00 =f D 1, which is satisfied for
This equation of motion is now given by
By using the notation given in Eq. (23), the equation of motion (30) transforms to
with the initial conditions given in Eq. (24). Two first integrals (16) and (17) become
These two integrals can be manipulated to exclude x 1 and to derive . 
For the initial conditions (24) one has h 1 D A 2 and h 2 D 0. Introducing these values into Eq. (34) and solving it with respect to x 3 , the following explicit solution for phase trajectories is obtained:
Combining equations in (18) and using a D A and˛D =2, we derive
Its solution satisfying Eq. (2) is
This solution is plotted in Fig. 6 
Conclusions
In this work we have considered nonlinear oscillators with a hardening and softening Duffing restoring force. Unlike classical conservative Duffing oscillators, which have an amplitude-dependent period, the designed Duffing-type oscillators have the period that does not change with their amplitude and are, thus, isochronous. Two separate cases are considered with respect to the form of their potential and kinetic energy, which are made equal to the corresponding energies of the SHO, which is known to be isochronous. Corresponding equations of motions are derived, as well as their solutions for motion. Numerical verifications of these isochronous solutions are provided. In addition, two independent first integrals are presented: the energyconservation law and the principle of conservation of momentum.
